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Statement of the problem. The article investigates the deformation behavior of a composite material
in the process of its flat pressing. To solve this problem, a rheological model is proposed, which is
based on the phenomena occurring in a viscous (Newtonian) incompressible fluid, which occupies
the volume between two absolutely rigid parallel planes of finite dimensions of rectangular shape approaching at a low speed. Within the framework of mechanics of a continuous medium under conditions of a plane deformed state, the problem is solved in two dimensions about a slow flow in the absence of volume forces and inertial effects. In this case, the solution of the equation of motion with
continuity conditions is reduced to the well-known Laplace equation. In addition, on the basis of the
model of linear viscoelasticity and uniaxial stress state, an attempt has been made to describe the relaxation phenomena occurring in the solidifying composite at the end of the active pressing process.
Results and Conclusions. Analytical dependences of the power parameters of the stress-strain state
of the compressed composite are obtained; relations for the kinematic characteristics of the pressing
process are obtained; an expression is obtained for the relaxation of stresses during the technological
holding of the material under pressure after the end of active pressing. The results of the study make
it possible to experimentally determine the numerical values of the dynamic coefficient of viscosity
and stress relaxation time, which are important characteristics in controlling the pressing processes.
Keywords: relaxation, rheological model, viscosity, Newtonian fluid, compression.

Introduction. In all branches of production, the requirements for the quality of products
using parts and assemblies made of composite materials are being currently tightened.
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This is due to the fact that composites have a range of unique physical, mechanical and operational characteristics and properties [2, 8, 10, 13].
A composite is a structural material consisting of several components: a matrix (binding material) and a filler (reinforcing material) which reinforces its elements in the form of threads,
fibers, particles, etc. The mechanical behavior of composites is defined by the ratio of the
properties of the reinforcing elements and the matrix as well as the strength of the bond between them [9, 10].
Methods for the production of composite materials and methods for studying the stress-strain
in the process of pressing products from composites are still an urgent issue of continuum
mechanics. Recently a number of mathematical models have been developed that describe the
processes taking place under the conditions of deformation of composites particularly during
their flat pressing [2, 4, 6, 9, 10, 14]. A mathematical model is set forth [9, 10, 14] which describes the phenomena taking place in a viscous incompressible fluid that occupies the volume in a layer between approaching parallel plates. The kinematic parameters obtained in
this case make it possible to control the pressing process of plywood and other laminated materials. An identical model based on the motion of a viscous fluid located between converging
flat circular plates of finite radius was set forth in [3, 15]. An expression is obtained for the total
drag force that ensures the fluid flow at a given speed. In studies [10, 19], a rheological model
of flat pressing of composite materials was developed, based on Prandtl's problems of plastic
flow in two dimensions of a plastic material in the absence of elastic deformations. In this case,
the von Mises plasticity condition and the associated flow law are employed. Expressions are
obtained for the components of the velocities, the flow of the pressed material along the plane
of the stamp proportional to a specific speed of closing the plates. In this case, the deforming
stresses do not depend on this parameter which contradicts the conclusions [7, 22].
A mathematical model relying on the fundamental laws of conservation of mass, momentum
and energy, within the framework of the mechanics of a deformed solid under the conditions
of wood pressing considering anisotropy was set forth in [6]. The results of modeling the process of flat pressing of plates as well as waste wood and thermoplastics [13, 16] where the dependences of temperature, degree of solidification, normal and tangential stresses along the
thickness of the plates are obtained. Some recommendations on the problem of pressing are
suggested. The above analysis as well as other known models [1, 2, 5, 17––21] shows that most
of them describe the deformation behavior of the binder, and they do not apply to the overall
material. In addition, some of the suggested models are based on the provisions of the theory of
plasticity which do not completely describe the deformation behavior of composite materials.
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The objective of the suggested research is to develop a physical and mathematical model that
within the framework of continuum mechanics would describe the rheological properties of
the composite during pressing and make it possible to obtain the values of the kinematic parameters and the force characteristics of the stress-strain. On top of that, it is required to qualitatively assess the relaxation phenomena occurring following the end of the composite pressing process when the internal stresses during deformation are redistributed.
1. Statement of the pressing problem and solution methods. So, let the space between two
rigid rough parallel plates approaching each other at a constant low speed 0 be filled with a
viscous composite material whose the rheological properties correspond to the model of an
ideally viscous medium. It can be represented by some damper shown in Fig. 1.

Fig. 1. Scheme of an ideally viscous Newtonian medium with the viscosity  and mechanical stress 

A schematic diagram of the deformation of the medium is presented in Fig. 2 [10].

Fig. 2. Compression of a thin layer of a composite approaching with a constant speed 0
with parallel plates (-l < x < l; y = ±h) [10]

It is necessary to evaluate the stress-strain of the composite under conditions of flat pressing,
the velocity field as well as the pressing force to ensure a specific speed of plate closing. Let
us assume that the flow plane is determined by the coordinates x, y (Fig. 2), and all defor-
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mation parameters do not depend on z [10]. For the case of plane deformation, the equilibrium
equations for an incompressible fluid take the following form:
d x d y

 
dx
dy

(1)


where  x and  y are components of the velocity vector  of particles of the medium in direction to the axes x and y respectively.
Considering this dependence, in the absence of volume forces and inertial effects the NavierStokes equations can be written in the following form [7, 22]:
1 dP d 2 x d 2 x
 


 
y dx dx 2
dy 2

(2)

2
2
1 dP d  y d  y
 
 2  2  ,
 dy dx
dy

(3)

where P is a hydrostatic pressure,  is the coefficient of the viscosity of the medium.
The joint solution of equations (1)––(3) leads to the well-known Laplace equation for pressure:
d 2P d 2P

 .
dx 2 dy 2

(4)

The ratios (1)––(4) should meet the following boundary conditions:

 x  0, l  x  l, when y  h,

(5)

 y  0 , l  x  l, when y  h.

(6)

Due to the symmetry of the problem, it should be an odd function of the x coordinate:

 x (  x )   x ( x ).
The solution of equation (4) is satisfied by the second-degree polynomial [9]:

P

1 2 1 2
ky  kx  c,
2
2

(7)

where k and c are constants.
Since the pressure P does not depend on the signs of x or y, the solution (7) cannot include
terms in the first degree. Also, due to the oddness of the function, it cannot contain members
with x 2 . Therefore, the solution to equation (2) should be sought for the case

d 2 x
  . Using
dx 2

this condition and expression (7), equation (2) will be written as:

d x
kx
 ,
2 2
d y
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with the following ratio as its solution:
1 kxy 2
x   
 yf ( x )   ( x ),
2 

(9)

where f ( x ) and  ( x ) are unknown functions of x where the boundary conditions (5) require
that f ( x )   and  ( x ) 

kxh 2
[9, 10].
2

For this case equation (9) is as follows:

x 

kx( h 2  y 2 )
.
2

(10)

Inserting it into the continuity equation (1), we get
d y
dy



k( h 2  y 2 )
.
2

(11)

Integrating the latter, we get

x 

ky 2 ( 3h 2  y 2 )
  ( x ),
6

(12)

where  is an unknown function of x which according to the boundary conditions (6) is zero and
k

30
.
h2

(13)

Considering (13) we get the expressions for the components of the velocity of a viscous liquid
and pressure distribution:

x  
y 
P

30 x( h 2  y 2 )
,
2h 3

0 y( y 2  3h 2 )
2h3

,

30 ( y 2  x 2 )
 c.
2h3

(14)
(15)
(16)

The constant c can be found from the conditions at the boundaries: at x  1 and y   h where
in practical cases the liquid is squeezed out from under the plates at atmospheric pressure

P  P0 . Then the expression
30 ( y 2  h 2  x 2  l 2 )
P
 P0 ,
3h3

(17)

which is an exact solution to equation (4), is valid for the entire length of the lines x  l . It is
seen that the pressure in the layer between the plates is distributed according to the parabo-lic law.
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Substituting values (14), (15) and (17) into the known expressions [7]

 x  2 x  P,

 y  2 y  P,
 xy  

d x
,
dy

we obtain the following expressions for the components of stresses arising during plane deformation of the investigated fluid in coordinates x, y:

 x  3
y 

0 [ 3( h 2  y 2 )  x 2  l 2 ]
2h 3

3 0 2
[ y  h 2  x 2  l 2 ],
2 h3

 xy  

30 xy
.
h3

,

(18)
(19)
(20)

The effort F applied to both planes is as follows:
l

F  2h   y dx 
0

20 l 3
.
h3

(21)

The last expression can be employed in viscometry for the practical determination of the viscosity coefficient  of the molded material of the composite at the known values F and 0 .
Expression (11) allows an at least qualitative plan of velocities in the form of streamlines,
tangents to which at each point coincide with the direction of the velocity of the particles of
the viscous composite (Fig. 3).

Fig. 3. Scheme of the plan of velocities (streamlines) of particles of the composite mass in the slip plane

Assuming that the pressing process proceeds at a constant load, it is possible to determine the
time when the composite thickness becomes equal to the specified one. Let us assume that the
lower press plate is stationary, while the upper press is displaced by the total action of gravity
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of the plate itself and some additional load. Denoting the total weight through Q and the speed
of its movement, we have the differential equation of motion of the loaded upper plate



dh
, we have a differential equation of the pressure of the loaded upper plate:
dt
Q d
2 l 3 dh

Q 3  ,
q dt
h
dt

(22)

whose integration leads to the following expression:
Q
l 3
  Qt  2  c.
q
h

(23)

The constant c in (23) will be found using the initial conditions:

at t     , h  h .
Then for the velocity of the loaded plate we get the expression

  gt 

q l 3 1 1
(  ).
Q h 2 h02

If we assume that the velocity  is low, using the last equation we obtain the formula for the
dependence of the layer compression time on its thickness:

t

l 3 1
Q

(

h

2



1
).
h02

(24)

Just as (21), expression (24) can serve for an approximate calculation of the viscosity coefficient of a substance.
2. Description of the relaxation processes of solidifying composites. The technology for
the production of composite materials provides for holding the pressed sheets under pressure in order to relieve internal stresses, harden the binder, and level out the temperature
and humidity fields.
Internal stresses are a consequence of incomplete relaxation processes and are the major cause
of buckling of the sheet composite. This explains the urgency of the problem of studying relaxation processes in composite materials under stress-strain conditions.

Fig. 4. Model of a Maxwell viscoelastic medium with an elastic modulus E and a viscosity coefficient 
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The pressing speed, including holding under pressure, depends on the rate of relaxation of internal stresses. In materials such as carbon plastics [10––12], the change in internal stresses
proceeds in accordance with the model of a viscoelastic body consisting of a spring and a
damper connected in series (Fig. 4).
If a material subjected to deformation under the influence of a load is left under a load so that
no further change in its shape takes place and the total deformation remains constant, the load
will decrease over time.
Indeed, during the deformation of the material corresponding to the model (Fig. 4), the stress
in the spring and the damper will be identical. If the deformations are designated  1 and  2
respectively,

1 


E

;

d 2 
 ,
dt 

and the complete deformation, which equals

  1   2 ,
meets the condition:

d  1 d 
 
 .
dt E dt 

(25)

If the deformation  0 is imparted to the system instantly at a moment t = 0, at a time t the
stress will change in compliance with (25):

  E 0 ( 1  e
Here  


E

E
 t



).

(26)

is the stress relaxation time when the stresses decrease by a factor of e. Depen-

ding on the type of composite material, stress relaxation lasts from several minutes to several
months. As already mentioned, the speed of pressing depends on the speed of relaxation, the
relaxation time becomes an important parameter for predicting the quality of products.
Conclusions. According to the results of the study, the following conclusions can be made:
1. A rheological model has been set forth that describes the properties of a composite mass in
the process of flat pressing.
2. Analytical dependences of the parameters of the stress-strain state are obtained: the components of stress and pressing pressure.
3. Analytical expressions have been obtained for the components of the flow velocity of the
pressed material enabling a plan of velocities to be designed graphically.
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4. An expression for the pressing time has been obtained allowing one to experimentally determine the viscosity coefficient of a deformable medium.
5. Based on a linear viscoelastic model within the framework of uniaxial deformation, an
analysis of changes in internal stresses is performed.
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